Fracture characterization is fundamental to the reliable prediction of fractured reservoirs; however, it is difficult and expensive to obtain detailed fracture information required for reservoir prediction due to the lack of direct observational data in the subsurface. Here we develop seismic analysis methods to characterize fractured reservoirs based on reflection geometry related to bending and shearing of reservoir formations. Among various geometric attributes, we focus on extreme curvature and extreme flexure that are considered effective at detecting fractures. Extreme curvature refers to the signed absolute maximum curvature at a specific azimuth where the curve shape is the tightest, whereas extreme flexure refers to the signed absolute maximum gradient of curvature at a specific azimuth where the curve shape changes the most. We implement new algorithms based on analytical equations to calculate extreme curvature and extreme flexure along with the corresponding azimuth from 3D seismic data. Results from 3D seismic surveys demonstrate that the new algorithms help resolve structural details that are otherwise not easily discernible from regular amplitude and conventional attributes. Most importantly, the algorithms hold the potential to volumetrically detect and visualize fractures in an automatic and quantitative manner. We conclude that extreme curvature and extreme flexure attributes have important geologic implications for predicting fundamental fracture properties that are critical to fractured reservoir characterization in the subsurface.
INTRODUCTION
Fractures, which are here generally referred to discontinuities of different mode, orientation, and scales, are one of the most important elements in conventional and unconventional reservoirs. Extracting detailed information about fractures is fundamental to successful hydrocarbon exploration and production. This is particularly the case with unconventional fractured reservoirs because fracture complexities have a direct impact on reservoir mechanical properties and fluid flow efficiency. Unfortunately, obtaining detailed fracture information is difficult and expensive because of the lack of direct observational data in the subsurface.
oherence and various other discontinuity attributes are useful for visualizing fractures (Bahorich and Farmer, 1995; Luo et al., 1996; Marfurt et al., 1998; Gersztenkorn and Marfurt, 1999; Di and Gao, 2014a) ; however, these edge detection attributes are more visual than physical, making it difficult to quantify and differentiate fractures of different mode, orientation, and scale. In contrast, reflection geometry caused by bending and shearing of reservoir formations is physically related to finite strain that produces fractures of different mode, orientation, and scale (Ramsay, 1967; Ramsay and Huber, 1983; Lisle, 1994) . Thus, characterizing reflection geometry holds the potential to evaluate fractures in a quantitative manner on a physical basis.
Many authors have published on reflection curvature attributes for detecting fractures (e.g., Lisle, 1994; Roberts, 2001; Hart et al., 2002; Sigismondi and Soldo, 2003; Al-Dossary and Marfurt, 2006; Blumentritt et al., 2006; Hart, 2006; Sullivan et al., 2006; Chopra and Marfurt, 2007 , 2010 Klein et al., 2008; Staples and Marfurt, 2011; Di and Gao, 2014b) ; however, curvature is a secondorder geometric attribute that has its limitations in fracture detection. In complement to curvature, Gao (2013) proposed a third-order geometric attribute flexure to describe reflection geometry by calculating the rate of change in curvature along reflections. Integrating curvature and flexure was reported to help better define fractures from 3D seismic data (Gao, 2013) .
Because curvature and flexure are dependent on evaluation direction in 3D space (Chopra and Marfurt, 2007; Rich, 2008; Chopra and Marfurt, 2011; Gao, 2013) , various algorithms have been developed for extracting curvature at different azimuths (Roberts, 2001; Marfurt, 2007, 2011; Gao, 2014c, 2014d) . Given the azimuth-dependence and nonuniqueness of both attributes, an important question still remains open as to what kind of curvature and flexure should be used for prediction of fractures from seismic data (Chopra and Marfurt, 2011) . To address that question, our recent efforts have been primarily focused on the absolute maximum curvature and absolute maximum flexure analysis (Gao, 2013; Di and Gao, 2014d) . Although most references define the maximum curvature based on absolute value of curvature (Chopra and Marfurt, 2010) , other references define maximum curvature to be the positive one. Still other references use such terms as the most-positive and most-negative curvatures (Chopra and Marfurt, 2007 , 2010 . To be concise and to avoid confusion, here we prefer to use the term "extreme" to represent the signed absolute maximum value of curvature (Chopra and Marfurt, 2010) and flexure (Gao, 2013) .
To evaluate the extreme curvature and extreme flexure in 3D seismic volume, Gao (2013) proposed two different approaches. One is a numerical approach that searches among all the azimuths to find the signed maximum at a specific azimuth without using analytical equations, which is computationally expensive. The other is an analytical approach that uses the apparent curvature or flexure along two orthogonal (inline and crossline) directions to calculate extreme curvature and extreme flexure, which is computationally efficient but analytically inaccurate because it assumes a locally linear variation of the attributes. In this study, we present new algorithms for evaluating extreme curvature and extreme flexure to overcome these limitations. We develop new algebraic equations for calculating azimuthal curvature and azimuthal flexure using a quadratic surface and a cubic surface in 3D space, respectively. These equations are then directly used to build algorithms to calculate extreme curvature and extreme flexure and the corresponding azimuth from 3D seismic data. We apply our algorithms to two regular poststack seismic data sets to demonstrate their advantages and implications for fractured reservoir characterization.
METHODOLOGIES Extreme curvature analysis
In a 2D space, curvature at a point on a curve is defined as the inverse of the radius of a circle that is tangent to the curve at the point (Figure 1) (Roberts, 2001; Sigismondi and Soldo, 2003; Chopra and Marfurt, 2007) . In a 3D space, curvature at a point on a surface is a function of azimuth (Roberts, 2001) . Curvature reaches its absolute maximum at a specific azimuth where curve shape is the tightest, which is defined as extreme curvature k xtm (Figure 2) . Here, we present analytical equations for the magnitude and azimuth of extreme curvature.
Let φ be any given azimuth on a 3D surface. Then curvature along azimuth φ is represented by
where ds denotes the instantaneous curve length along azimuth φ and θ φ denotes the apparent dip of the surface along the azimuth (Marfurt, 2006) represented by The corresponding curvature k in two dimensions. Curvature k at a point of the horizon is the inverse of the radius R of a circle tangent to the horizon at the point. Note that the antiform and the synform are associated with the peak and the trough of the curvature, respectively, whereas the fault is deviated from the peak and the trough of the curvature and located in between (after Gao, 2013) . 
The geometric principle provides
Substituting equation 3 with equations 4 and 5 leads to
where A 1 ¼ ∂z ∂x and A 2 ¼ ∂z ∂y denote the first derivatives of the reflection, and
∂y 2 , and B 3 ¼ ∂ 2 z ∂x∂y denote the second derivatives of the reflection.
Equation 6 describes curvature as a function of azimuth φ, which can be schematically shown in Figure 4a . Moreover, equation 6 indicates that 3D curvature attribute is periodic with a period of 180°( Figure 4a ) as represented by kðφÞ ¼ kðφ þ 180°Þ.
To solve for extreme curvature and its associated azimuth, we take a derivative of equation 6 with respect to azimuth φ as schematically shown in Figure 4b , which can lead to a quadratic equation:
. As demonstrated in Figure 4b , analytical solutions are at the roots of equation 8. Based on the algebraic principle, a quadratic equation has two roots: dk∕dφ is shown as a function of φ, with roots (zeros) being the directions at which curvature reaches its maximum and minimum, and extreme curvature being the one associated with the signed absolute maximum.
Extreme curvature and flexure analysis IM13 and the corresponding curvatures are
Between the two roots, the one corresponding to the signed maximum absolute curvature is the extreme curvature. Figure 5 illustrates the workflow for computing extreme curvature and its associated azimuth. The workflow consists of three steps: (1) at any given location in a seismic volume, the first and the second derivatives of seismic reflection are computed using a rectangle cell of nine grids of a quadratic surface (Roberts, 2001; Di and Gao, 2014c) ; (2) all the coefficients in the quadratic equation 8 are evaluated; and (3) two roots are calculated using equation 9, with the signed maximum being extreme curvature and the corresponding azimuth being extreme curvature azimuth. These are repeatedly performed from one location to another throughout the volume, and as a result, the amplitude volume is transformed into extreme curvature and extreme curvature azimuth volumes.
Extreme flexure analysis
In a 2D space, flexure at a point on a curve is defined as the rate of change in curvature with respect to the curve length at the point ( Figure 6) (Gao, 2013) . In a 3D space, flexure at a point on a surface is a function of azimuth. Flexure reaches its absolute maximum at a specific azimuth where curve shape changes the most, which is defined as extreme flexure f xtm (Figure 7) . Here, we present analytical equations for the magnitude and azimuth of extreme flexure.
Let φ be any given azimuth on a 3D surface. Then flexure along azimuth φ is represented by (Gao, 2013) Figure 5. Flowchart for extreme curvature analysis. The input is a regular amplitude volume, and the output is extreme curvature and extreme curvature azimuth volumes. 
where ds denotes the instantaneous curve length along azimuth φ. After using the chain rule, equation 10a becomes
By taking a partial derivative of equation 6 with respect to x and y, ∂x∂y denote the second derivatives of the reflection.
, and C 4 ¼ To solve for extreme flexure and the associated azimuth, we take a derivative of equation 12 with respect to azimuth φ as schematically shown in Figure 8b , which can lead to a fifth-order equation. Given that the roots cannot be as easily solved in an analytical manner, the algorithm alternatively find extreme flexure by calculating flexure incrementally from 0°to 180°using equation 12. Such a numerical solution based on equation 12 is computationally convenient compared with the previously reported azimuth scanning approach (Gao, 2013) because the former only needs to calculate the partial derivatives of a surface. Given the definition and the opposite periodic nature of flexure, faults and fractures are shown as either positive or negative and the sign is dependent on the azimuth flexure is measured. In our algorithm, the azimuth is defined between 0°and 180°. Accordingly, a fault dipping to the east would have a negative flexure, whereas a fault dipping to the west would have a positive flexure. Figure 9 illustrates the workflow for computing extreme flexure and its associated azimuth. The workflow consists of three steps:
(1) at any given location in a seismic volume, the first, the second, and the third derivatives of seismic reflection are computed using a diamond cell of 13 grids of a cubic surface (Di and Gao, 2014c) ; (2) azimuthal flexures are calculated from 0°to 180°at a userdefined increment of 1°using equation 12; and (3) the algorithm compares all the azimuthal flexures and output the extreme flexure and the associated azimuth. These are repeatedly performed from one location to another throughout the volume, and as a result, the amplitude volume is transformed into extreme flexure and extreme flexure azimuth volumes.
RESULTS
To illustrate the usefulness of extreme curvature and extreme flexure along with their azimuths in fracture characterization, we first apply our algorithms to a depth data set from Teapot Dome (Wyoming). For comparison, we generate a structure map (Figure 10a ) and a coherence map (Figure 10b ) along an interpreted reservoir horizon at approximately 4400 ft. From the coherence attribute, zones of low coherence correspond to the cross-regional transfer faults that are already visible from the structure map; however, faults and fractures below the seismic resolution are not recognizable from the structure and coherence maps. Figure 11 shows dip, extreme curvature, and extreme flexure at the same structure horizon as the structure map and coherence map shown in Figure 10 . We notice progressively enhanced resolution for the structural grains and deformational fabrics of the reservoir from Figure 11a to 11c. An advantage of extreme curvature over dip is that it delineates domains with enhanced potential to develop fractures as in the crestal portion of the reservoir that is most likely dominated by tensile fractures based on outcrop analogs, cores, and image logs (Cooper et al., 2002 (Cooper et al., , 2006 Schwartz, 2006; Gao, 2013 ). An advantage of extreme flexure over extreme curvature is that it delineates zones of regional thrusts and cross-regional transfer faults that are most likely dominated by shear fractures based on outcrop analogs, cores, and image logs (Schwartz, 2006; Gao, 2013) . In particular, subtle structural features and deformational fabrics, which are not easily discernible in dip and extreme curvature, become recognizable in extreme flexure. This is particularly the case with the northeast-trending cross-regional transfer faults that have been previously reported to be an important structural component at Teapot Dome (Cooper et al., 2006; Gao, 2013) . Figure 12 shows dip azimuth, extreme curvature azimuth, and extreme flexure azimuth. Compared with dip azimuth (Figure 12a ), extreme curvature azimuth (Figure 12b ) and extreme flexure azimuth (Figure 12c ) reveal more structural details of the fractured reservoir. Specifically, extreme curvature azimuth shows potential fractures over the reservoir crest with a dominant orientation of 140°, whereas extreme flexure azimuth indicates two sets of orientation, with one set trending to the northeast and running across the regional structure and the other trending to the northwest and extending parallel to the regional structure. The two trends are consistent with previous observations from outcrops and image logs (Cooper et al., 2002 (Cooper et al., , 2006 Schwartz, 2006) . Most importantly, both attributes represent the most likely orientation of fractures associated with the regional and cross-regional lineaments, which represent two different components of the reservoir. These make it possible to interactively visualize fracture orientation and automatically generate fracture azimuth histogram or rose diagram ( Figure 13 ).
Our second case example is from a 3D seismic time data over the Netherlands North Sea. A time slice of regular amplitude (Figure 14a) and that of coherence (Figure 14b) show seismic scale fractures, including northeast-trending and northwest-trending ones. We apply extreme curvature and extreme flexure algorithms to the same data set using the same analysis window size. The results demonstrate interpretational advantages of extreme curvature and extreme flexure attributes over coherence and other geometric attributes. In particular, extreme flexure and associated azimuth reveal structural details that fall below the resolution of amplitude and coherence. The magnitude and sign of extreme flexure (Figure 14c ) are indicative of not only the location but also the intensity and sense of shear of fractures, whereas the azimuth of extreme flexure (Figure 14d ) makes it possible to automatically and interactively isolate and differentiate fractures with distinct orientation throughout the reservoir of interest (Figure 15 ).
DISCUSSION
Reflection dip, extreme curvature, and extreme flexure are measures of reflection geometry that depict seismic structures from three different perspectives ( Figure 11 ). As a first-order derivative, dip attribute is able to define fractures where faulting causes major and abrupt dip changes of reflections ( Figure 11a ). As a second-order derivative, extreme curvature attribute is able to define potential fractures caused by bending of reflections that might not be easily recognizable from the dip attribute (Figure 11b ). Yet as a third-order derivative, extreme flexure attribute is able to highlight potential fractures associated with change in the bend momentum of reflections that might not be easily discernible from the dip and curvature attributes (Figure 11c ).
Differentiating tensile from shear fractures, if possible, can help better characterize and predict fractured reservoirs, although Extreme curvature and flexure analysis IM17 it is very difficult and expensive to do so in the subsurface. However, based on outcrops and lab experiments (Davis and Reynolds, 1996; Pollard and Fletcher, 2005) , tensile fractures and shear fractures are related to the geometry and the intensity of bending of reservoir formations. In many cases, for example, tensile fractures occur in the crestal portion of folds where formations bend the most, whereas shear fractures occur where there are changes in intensity and/or polarity of bending. Based on these observations, it is possible to differentiate the fracture mode in the subsurface from seismic data by using extreme curvature and extreme flexure attributes (Gao, 2013) . This is important because tensile fractures have different geometry and morphology than shear fractures as typically observed from outcrops and experiments (Davis and Reynolds,1996; Pollard and Fletcher, 2005) , which should have different impact to the fluid flow in fractured reservoirs.
Azimuth volumes of extreme curvature and extreme flexure make it possible to predict fracture orientation in an automatic and quantitative manner throughout a fractured reservoir. Automatic and quantitative analysis of fracture orientation helps better predict the direction for fluid flow in 3D space and better evaluate the anisotropy in mechanical strength throughout the reservoir. Automatic and quantitative evaluation of fracture orientation also helps design the azimuthal direction more objectively for horizontal drilling and geosteering as in the development of unconventional reservoirs, thereby effectively reducing economic risk and mitigating environmental damage.
Last but not least, evaluating extreme curvature and extreme flexure could help detect potential small fractures induced by gradual bending and minor shearing of reservoir formations. These small fractures typically fall below seismic resolution and are not easily discernible from coherence and other edge-detection algorithms because reflections across these fractures are coherent (Bergbauer et al., 2003; Al-Dossary and Marfurt, 2006; Gao, 2013) . Nevertheless, these small fractures are important in developing unconventional fractured reservoirs because they have different mechanical strength and fluid leakage potential than major seismic scale fractures. Detecting these subseismic scale fractures, using extreme curvature and extreme flexure, could help find sweet spots where fractures are intense and big enough to reduce the mechanical 
CONCLUSIONS
In this study, we develop new equations and algorithms to evaluate extreme curvature and extreme flexure from 3D seismic data, making it possible to effectively characterize the complexity of fractures formed by bending and shearing of reservoir formations. Applications to two 3D seismic surveys demonstrate that extreme curvature and extreme flexure analyses help enhance the visibility of fractures that are not easily discernible from regular amplitude, dip, and coherence attributes. Most importantly, integrating extreme curvature and extreme flexure along with corresponding azimuth attributes enhances our capability to describe and visualize the complexity of fractured reservoirs. These have important implications for reliable reservoir prediction, which is otherwise difficult and expensive because of the lack of direct observational data in the subsurface. 
